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Chaotic Inflation in Supergravity with Heisenberg Symmetry 
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We propose the introduction of a Heisenberg symmetry of the Kahler potential to solve the 
problems with chaotic inflation in supergravity, as a viable alternative to the use of shift symmetry. 
The slope of the inflaton potential emerges from a small Heisenberg symmetry breaking term in 
the superpotential. The modulus field of the Heisenberg symmetry is stabilized and made heavy 
with the help of the large vacuum energy density during inflation. The observable predictions are 
indistinguishable from those of typical chaotic inflation models, however the form of the inflationary 
superpotential considered here may be interpreted in terms of sneutrino inflation arising from certain 
classes of string theory. 



1. INTRODUCTION 

The paradigm of inflation at the beginning of the evo- 
lution of the Universe is very successful in explaining why 
the observable Universe is homogeneous and isotropic on 
the largest scales, yet with the structures on small scales 
Among several models of inflation, chaotic inflation 
is very attractive, mainly due to its simplistic form of 
the potential and the associated dynamics of the infla- 
ton field 0. On the other hand, successful realization 
of chaotic inflation requires fleld values which are super- 
Planckian. From the observational point of view, chaotic 
inflation is distinguished from small field infiation models 
by its prediction of larger tensor fluctuations Q . 

A generic problem of inflation models, when embedded 
in supergravity (SUGRA) is that typically a large mass 
for the inflaton fleld of the order of the Hubble scale dur- 
ing inflation (which implies a slow-roll parameter rj 1) 
is generated and spoils inflation. This is called the ij- 
problem in SUGRA inflation The problem arises 
from the SUGRA potential which generally contains a 
term of the form e'^^^^^'^Vo, where Vq is the vacuum en- 
ergy during inflation (up to a constant). For example, 
assuming a minimal canonical Kahler potential K, this 
becomes e*^"^"^ /^^^^Vb, which, when expanded in powers 
of (jxf)*, where (f> is the inflaton field, leads to a large mass 
term of order the Hubble constant. The problem is par- 
ticularly acute in chaotic inflation in which the inflaton 
field value exceeds the Planck mass Mp. 

The above problem of chaotic inflation can be alle- 
viated by assuming some particular non-minimal form 
of the Kahler potential, however many of the proposed 
forms are not enforced by any symmetry and require 
some amount of tuning of parameters. A more promising 
approach is to impose a symmetry on the Kahler function 
such that the inflaton field does not explicitly appear in 
the Kahler potential, thereby finessing the problem of not 



allowing super-Planckian field values arising from the ex- 
ponential in the potential. For example, imposition of a 
shift symmetry makes the Kahler potential independent 
of the real component of the complex chiral superfield $, 
thus allowing this direction to be identifled as the inflaton 
field 

In a recent paper [7| we proposed a class of models in 
which the 77-problem of supersymmetric hybrid inflation 
may be resolved using a Heisenberg symmetry. For ex- 
ample, Heisenberg symmetry includes the case of no-scale 
supergravity Kahler potential, which is endemic to string 
theory. Due to the nature of the symmetry, the inflaton 

appears in the Kahler potential only as a combination 
of p = T-hT* - where T is a modulus fleld ^,'9]. In 
this approach the associated modulus field is stabilized 
and made heavy with the help of the large vacuum energy 
during inflation without any fine-tuning. Because of the 
Heisenberg symmetry of the Kahler potential, the tree- 
level potential of the inflaton is flat and only lifted by 
radiative corrections, induced by Heisenberg symmetry 
breaking superpotential couplings. 

In this letter we propose the introduction of a Heisen- 
berg symmetry of the Kahler potential to solve the prob- 
lems with chaotic inflation in SUGRA. As inflationary 
part of the superpotential we will consider W = AI^X, 
where M is a mass parameter, $ is the superfield contain- 
ing the inflaton and X is an auxiliary superfield. ^ This 
form of the superpotential has been discussed for chaotic 
inflation in [6|], where a shift symmetry has been used 



^ We require the chaotic superpotential to be of this form, rather 
than the more common form W = M3>^ since, according to our 
mechanism, the field X will quickly settle to a zero value during 
inflation, resulting in the superpotential also being zero during 
inflation, which is a crucial requirement for solving the rj problem 
in this approach. 
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to protect the flatness of the inflaton potential. Using 
the Heisenberg symmetry with this form of the superpo- 
tential, we show that the Ty-problem of SUGRA inflation 
is resolved, allowing well behaved inflaton field values 
larger than the Planck mass, as required for a successful 
realization of chaotic inflation. We also show that, as in 
the case of hybrid inflation f?\, the associated modulus 
field will be stabilized during infiation by the large vac- 
uum energy. It turns out that the dynamics of the model 
will be effectively governed by a single scalar field with a 
tree-level potential which has a purely quadratic depen- 
dence on the infiaton field. (We estimate the effects of 
quantum corrections and show that they are negligible.) 
Thus we find that the observable predictions for the min- 
imal setup discussed in this paper are indistinguishable 
from those of typical chaotic inflation models. However, 
the framework proposed here will have important impli- 
cations when the theory of inflation is embedded into a 
particle physics model. 

The paper is organized as follows: In the next section 
we present the framework of our model. In section 3, 
we discuss the effective tree-level scalar potential. The 
dynamics of all the scalar fields is discussed in detail in 
section 4. In section 5 we summarize and conclude. In 
the Appendix we show that the quantum loop corrections 
do not change the tree-level potential. 



2. FRAMEWORK 

To implement chaotic inflation in SUGRA using 
Heisenberg symmetry we propose the following superpo- 
tential and Kahler potential. 



W 
K 



M^X , (1) 
{l + Kx\X\^ + n,p)\X\^ + f{p). (2) 



In the Kahler potential the modulus T together with the 
chiral inflaton superfleld $ appear only in the Heisenberg 
symmetric combination [8|] 



p = T + T* -\<^\ 



(3) 



Here X is an additional superfleld that is supposed to 
be fixed at zero when inflation is operative. The non- 
zero F-term from X contributes to the vacuum energy 
required for inflation. Therefore, we realize inflation in 
this framework with vanishing inflationary part of the su- 
perpotential. We note that the superpotential of the form 
of Eq. ([1]) breaks the Heisenberg symmetry of the Kahler 
potential in Eq. ^ and gives rise to a IvP4P' potential 
for the scalar component of $ at tree-level. This model is 
'natural' in the sense that setting the small breaking pa- 
rameter to zero allows us to realize enhanced symmetry 
[To| . We take all chiral superflelds to be gauge singlets, 
such that D-term contributions to the potential are ab- 
sent. 



3. SCALAR POTENTIAL 

A Heisenberg symmetry of the Kahler potential allows 
us to implement super-Planckian values for the inflaton 
field in SUGRA theories, as can be seen by looking at 
the full (F-term) scalar potential given by ^ 



V-p = e 



K 



where the definition 



(4) 



(5) 



has been used. The lower indices i,j on the superpoten- 
tial or Kahler potential denote the derivatives with re- 
spect to the chiral superfields or their conjugate (where 
a bar is involved). The inverse Kahler metric is defined 
as K^^ = K~^^ . Due to the Heisenberg symmetry of the 
Kahler potential the exponential in Eq. (j4]) is indepen- 
dent of the inflaton fleld and therefore we can realize field 
values larger than Mp as required for chaotic inflation. 

We will show below that the mass of the X fleld is very 
large compared to the Hubble scale due to the kx cou- 
pling in the Kahler potential and it settles to its minimum 
at A = very quickly before inflation. This essentially 
makes the superpotential W of Eq. ([1]) vanish during in- 
flation. An attractive feature of having W = Q during 
inflation is that it typically cancels several couplings be- 
tween the inflaton sector and any other possibly existing 
scalar field sector in the theory ^ . 

The Kahler metric can be calculated as the second 
derivatives of the Kahler potential in Eq. ^ with re- 
spect to the superfields and their conjugates, and along 
the direction A = in (A, $, r)-basis this reduces to the 
block-diagonal form 



1 + Kpp 











f"{p)W^np) -ripw 
-r(p)0 f'ip) 



(6) 

Here denotes the complex scalar component of the in- 
flaton superfleld $. For A = the potential reduces 
to 



Vf = K^^ \Wx\ 



(7) 



Now we make a particular choice of f{p) of the no-scale 
form fil 



/(p) = -31np. 



(8) 



It provides a simple example of a Kahler potential invari- 
ant under the Heisenberg symmetry and arises naturally 



^ Here we use a convention in which we set the reduced Planck 

mass Mp ~ 2.4 X lO^* GeV to unity. 
^ In the context of Hybrid inflation with shift symmetry, see 

Ref. [11. 
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in orbifold compactifications of heterotic string models 
[3]. We would like to remark that for our approach 
to work this specific form of the Kahler potential is not 
required, however it is well motivated from string the- 
ory and serves well to illustrate the modulus stabilization 
mechanism through the coupling with X in the Kahler 
potential. After inflation, when X ~ $ ~ 0, another 
sector of the model will be responsible for SUSY break- 
ing which may lead, for instance, to an effective no-scale 
model with radiatively induced gravitino mass. 

With f{p) as in Eq. ([8]), the potential reduces to the 
simple form 



p'^{l + Kpp) 



(9) 



For any fixed value of p the potential is just a mass term 
for the (f) field that is suitable for chaotic inflation. This 
potential has a minimum at * 



3 

4k„ 



(10) 



Considering that p is always positive, Kp must be nega- 
tive and, as an example, we will choose its value to be 
Kp = —1. Other than that, the form of the potential 
has a pole at the value of p = —l/np and for values 
p > —Xjtip the potential is negative and has a runaway 
behavior. Therefore, inflation happens only in the range 
of field values < p < —l/np and we assume it for all 
our considerations. 



At the start of inflation 



iWjf P and the squared 



Hubble scale is also of the same order. On the other hand 
~ M <C during inflation. Therefore the p field 
settles to its minimum very quickly whereas the inflaton 
field, being light, slow-rolls along its potential. When p 
has settled to its minimum and </) is slowly rolling the 
vacuum energy dominates and drives inflation. In fact, 
the coupling Kp between p and X in the Kahler potential 
induces a mass for the p field of the order of the vac- 
uum energy during inflation and it allows the modulus 
to be stabilized very quickly before inflation. For Kp = 
in the expression for the scalar potential of Eq. ([9]), we 
can see that the p field would have a runaway poten- 
tial. The role of this coupling in the context of hybrid 
inflation with Hcisenberg symmetry was first mentioned 
in Ref. Q. Although po is independent of (f), the field p 
is not absolutely fixed at the minimum of the potential 
due to the presence of effects from non-canonical kinetic 
terms. We will verify these qualitative statements in the 
next section with full evolution equations of the fields. 
We also note that when X and p settle to their respec- 
tive minima (i.e. X = Q and p = po) the potential has the 
same form as the corresponding global SUSY potential. 



* For a general function /(p), the minimum is given by 

/'(po)(l + Kppo) = Kp. 



For example in our case, once the modulus is stabilized 
at the minimum during inflation, the tree-level potential 
reduces to a quadratic potential, as can be seen from 
Eq. We will discuss the scalar mass spectrum in the 
following section. 



4. DYNAMICS OF THE FIELDS 

In the previous section we have discussed the form of 
the potential when the X field has settled to its minimum 
and argued qualitatively that the p field will also get 
stabilized quickly such that successful chaotic inflation 
can be realized. In this section we calculate the masses 
of the fields and perform a full numerical simulation to 
investigate the dynamics of the fields. 

We begin with writing down the kinetic energy terms 
for the fields. With X = X* = in the Kahler metric, 
the kinetic terms are given by: 



C 



kin 



(l + Kpp) \dpX\ 



where 



(11) 



= i [dpiT - T*) + (t>dp(t>* - <t>* dp4>) . (12) 



Since the phases of the scalar fields X as well as Im(T) 
very quickly approach a constant value in an expanding 
Universe and subsequently decouple from the absolute 
values and Re(T) in the equations of motion (as has been 
discussed in the Appendix of 0), we only consider the 
absolute values Lp — \f2 |0|, a; = \/2 \ X\ and the real field 
p in what follows. In this case, Ip vanishes identically. 

The evolution equations for the background field values 
/9, iy9 and X in an expanding universe are then given by: 



X 3 i/ i 



(1 + «pP) " ' 

(p + 3i/(p- ip<p-f ^t/^ = 0, (13) 
p 3 

p + 3i/p--p2 + ^2_^^2^^ 2 2^ 
p 3 3 

where Vp, V^p, Vx are the derivatives of the potential with 
respect to the fields, and H is the Hubble expansion rate. 
For large enough values of the fields follow a slow-roll 
trajectory with p being practically at the minimum of 
the potential. 

In Fig. [T] we show the dynamics of the fields for generic 
initial conditions. As one can see, the x field settles to 
its minimum followed by the p field, whereas the inflaton 
field remains slowly rolling for more than 60 e-folds of 
inflation. As the inflaton field rolls down towards its 
minimum, the vacuum energy decreases and thus also 
the mass of the p field. When the slow-roll conditions are 
violated the inflaton field acquires a large velocity and it 
provides a kick to the evolution of p due to the tp^ term 
in its equation of motion. At the end of inflation the ip 
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field starts oscillating, the velocity term gets damped and 
finally the p field settles to a slightly different field value. 
However, at this epoch we expect some other moduli- 
stabilization mechanism to start playing a role. 




10 20 30 40 50 60 

Mt 



FIG. 1: Evolution of the fields. The green line represents the 
number of e- folds/100, the red line represents the inflaton 
direction 93, the blue line depicts the evolution of p and the black 
line the evolution of x. Dashed lines represent the evolution of the 
same fields if in addition to the tree-level potential, quantum 
corrections are taken into account (see Appendix). 

In the following, we denote as physical fermions and 
scalars those with canonical kinetic terms. In terms of 
the original fields '^i — {X, cj), T}, the Lagrangian for the 
scalar kinetic terms reads: 

/:kin = if»,*a^i'»5'^**, (14) 

and similarly for the fermions. We can canonically nor- 
malize the fields by expanding the Lagrangian around the 
minimum. In particular, during inflation we have X = Q, 
p ^ pq = — 3/4Kp, and changing slowly with time. The 
field p can be redefined as canonically normalized field p 
by: 

p=y|lnp. (15) 

The remaining non-canonical factors in Eq. (jlip only de- 
pend on p (or yo), and we can define the physical states 
during inflation by expanding those factors around p^: 

C^in - (1 + ^ipPo) \d^X\^ + - \d,,cb\^ + i {d,,pf + ■■■ . 

Po ^ 

(16) 

Then, with normalization factors (I + Kppo , i/ Pq ^ 1), for 
(i, (p, p), the physical squared scalar masses are given by: 

ml = ^kIm^{1 + 32kxKp^'), (17) 

^1 = - (18) 

m? = (19) 

Fields with a tilde are canonically normalized. To calcu- 
late their masses, we have assumed that p has settled to 



its minimum (where Kp has been left general instead of 
setting it to —1 as done before). First we note that the 
canonically normalized inflaton fleld has a mass smaller 
than the Hubble scale during inflation where the field 
value is supcr-Planckian. For kx negative, the mass of 
the X field is larger than the mass of p and both masses 
are larger than the Hubble scale H ~ ^Jvji. Therefore, 
as we have shown in the numerical simulations, the x 
field settles quickly to its minimum a; = 0, followed by 
the p field. 

Similar to the conventional chaotic inflation model 
with purely quadratic potential the prediction for the 
spectral index Ug and the tensor-to-scalar ratio r are 
given by 

~ 1-2/7V, (20) 
r ~ 8/iV, (21) 

where N is the number of e-folds before the end of infla- 
tion where the observable scales have crossed the horizon. 
For 60 e-folds of inflation the predicted value of the spec- 
tral index is Us ~ 0.97, well consistent with all available 
cosmological data [l^l. In addition, the tensor-to-scalar 
ratio is predicted as r ~ 0.13 (for N = 60), which might 
be probed by the upcoming PLANCK satellite jl5] . 



5. CONCLUSIONS 

We have proposed the introduction of a Heisenberg 
symmetry of the Kahler potential to solve the problems 
with chaotic inflation in SUGRA, as a viable alterna- 
tive to the use of shift symmetry. We have focussed 
on a particular form of chaotic inflation based on the 
superpotential W — M<^X, where M is a Heisenberg 
symmetry breaking mass parameter, $ is the superfield 
which contains the inflaton and X is an auxiliary super- 
field. Within this framework we have shown that the 
77 -problem of the SUGRA potential is resolved, allowing 
well behaved inflaton field values larger than the Planck 
mass, as required for a successful realization of chaotic 
inflation. We have also shown that the associated modu- 
lus field is stabilized during inflation by the large vacuum 
energy. 

We have seen that the dynamics of the model is gov- 
erned by a single scalar field with a tree-level potential 
which has a purely quadratic dependence on the inflaton 
field. In an Appendix we have estimated the effects of 
quantum corrections and shown that they are negligible. 
Thus we find that the observable predictions for the min- 
imal setup discussed in this paper are indistinguishable 
from those of typical chaotic inflation models, namely 
a spectral index ^ 0.97 and a tensor-to-scalar ratio 
r ~ 0.13. 

However the framework proposed here will have impor- 
tant implications when the theory of inflation is embed- 
ded into a particle physics model. For example, the effec- 
tive mass of the inflaton differs from the mass scale M by 
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a factor which depends on Kp (cf. Eq. ([18])). If the present 
chaotic inflation model is interpreted as a (right-handed) 
sneutrino inflation model [IB], then this would change 
the mass scale of the associated right-handed neutrinos. 
It is also worth remarking that the type of chaotic su- 
perpotential considered here would correspond to Dirac 
right-handed neutrino masses of the form MN1N2 where 
iVi is identified with <& and N2 is identified with X. Such 
a Dirac right-handed neutrino mass structure is moti- 
vated by certain classes of Heterotic string theory [l^]. 
It would be interesting to discuss such a Dirac sneutrino 
interpretation of the inflation model considered here, and 
the associated implications for leptogenesis, however this 
would require an analysis of the evolution of the p field 
after inflation which is beyond the scope of this letter. 
The embedding into a particle physics model would also 
allow to address the issue of reheating. For instance, in 
sneutrino inflation, the inflaton would decay via its neu- 
trino Yukawa couplings. 

In conclusion, we have proposed the introduction of 
a Heisenberg symmetry of the Kahler potential to solve 
the problems with chaotic inflation in SUGRA, as a vi- 
able alternative to the use of shift symmetry. It leads 
to the same predictions for Us and r, however has differ- 
ent implications when embedded into a particle physics 
model. 



Appendix: Calculations of Quantum Loop 
Corrections 



Here we discuss that the quantum corrections to the 
potential have negligible effects. We therefore calculate 
the one-loop effective potential from the formulae given 
in [§, [1^ . Introducing a cutoff A = Mp in the theory, 
the one-loop correction to the effective potential is given 
by 



Mo 



A2 



327r^ 



■StrX^ 



(22) 



Since in order to fit observations, the mass parameter 
M should be of the order M ^ O(10~^), we can safely 
ignore the logarithmic part of the loop-correction. 

For the dominant quadratic part, the supertrace can 
be written in the simple form 



StrM^ = 2iNtot-l)V 



(23) 



+ 2 \Wf e^ (A^tot - 1 - % G^) , 
where A'tot = 3 is the total number of chiral superfields 



and the Kahler function reads 



G = A' + ln 



(24) 



The contribution due to the Ricci tensor of the Kahler 
manifold in Eq. (|23p is the following 

R,j = dj In det (G,„« ) . (25) 
Taking kx < 0, the curvature along the X-direction is 
large and positive during inflation when 7^ 0, so that 
the field will quickly go to zero. For the sake of simplicity, 
we set a; = which is justified by the simulation with the 
full x-dependent potential as depicted in Fig.[T] Plugging 
the superpotential and Kahler potential of Eqs. ([1]), ([2]) 
into Eq. ()23|) . we end up with the p- and (/^-dependent 
loop-potential 



Moop — 



32 7r2 (3p3) 



2 (3 4Kp p) _ {Kpp+ 12 Kx) 
{1 + Kppy {l + npPf 



(26) 

Therefore, the presence of loop-corrections just has the 
effect of shifting the minimum of the potential in the 
/9-direction (cf. Fig. [1]). For example with Kp = — 1 and 
Kx = — 1, the loop-corrected minimum shifts to po — 0.68 
from its tree-level value of po — 0.75. It is important to 
note that similar to the tree-level potential, the loop- 
corrected potential also has a (y9-independent minimum 
Po- Once the p- field gets stabilized in its new minimum, 
this gives a different factor in front of the mass squared. 
In order to fit the amplitude of the curvature perturba- 
tion P-R,, one simply absorbs this factor in and adjusts 
the new effective mass squared. The amplitude of the pri- 
mordial spectrum is given by P^"^ ~ ( A^/ V6 tt) moff, and 
the WMAP normalization by ~ 5 x lO"'"^ then gives 
nicS — 6 X 10~^. We therefore conclude that the loop- 
corrections do not change the predictions calculated from 
the tree-level potential but instead just lead to a mass- 
rcnormalization of the inflaton field. 
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